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Abstract

This paper examines the asymptotic and Pnite-sample properties of tests of equal
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nestal regression models. In contrast to earlier work N including West (1996) and
Clark and McCracken (2001) N our asymptotics take account of the real-time, revisal
nature of the data. Monte Carlo simulations indicate that our asymptotic approxi-
mations yield reasonablesize and power properties in most circumstanes. The paper
concludeswith an examination of the realbtime predictive content of various measures
of economic activity for inRation.
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1 Intr oducti on

In practice it is often the casethat more than one model is available for forecasting. This
ariseseasilyin economicsand Pnancewheredilerent theoriesregarding the behavior of eco-
nomic agerts canimply that dilerent variables and models should have predictive content.
With forecastsfrom these various modelsin hand, one might reasonably ask whether one
of the models forecastsmore accurately than the other and if the dilerence is statistically
signibcan.

As sudh, testing for equal out-of-sample predictive ability is a now common method for
evaluating whether a new predictive model forecastssignibcarily better than an existing
baselinemodel. Various methods have beendeweloped to test whether any gains from the
new model are statistically signibcan. As with in-sample comparisons(e.g. Vuong, 1989),
the asymptotic distrib utions of the test statistics depend on whether the comparisonsare
betweennestedor non-nestad models. For non-nestedcomparisons,Granger and Newbold
(1977) and Diebold and Mariano (1995) develop asymptotically standard normal tests for
predictive ability that allow comparisonsbetweenmodelsthat donOthave estimated param-
eters. West (1996), McCracken (2000), and Corradi, Swansonand Olivetti (2001) extend
theseresults for non-nestedmodelsto allow for estimated parameters;the tests corntinue to
be asymptotically standard normal. For nestedmodels, Clark and McCracken (2001, 2006),
McCracken (2006), Chao, Corradi and Swanson (2001), and Corradi and Swanson (2002,
2005) derive asymptotics for a collection of tests designedto determine whether a nested
model forecasts as accurately or encompasses larger, nesting, model. In most cass,
nested comparisonsimply asymptotic distributions that are not asymptotically standard
normal. However, all of thesestudiesrely on on asymptotics that treat the estimation and
forecasting samplesas limiting to inPnity (covering both recursive and rolling forecasting
schemes). Under an alternativ e asymptotic approximation that treats the estimation sam-
ple as bxed (as in a rolling forecasting scheme) rather than limiting to inPnity, Giacomini
and White (2006) obtain asymptotic normality for a test of equal predictive ability.

While this literature is rich with results and cortinues to grow (seesuch recert cortri-
butions as Armah and Swanson (2006) and Anatoly ev (2007)), one issue that is uniformly
overlooked is the real-time nature of the data. Specibcally the literature ignoresthe possi-
bilit y that at any givenforecad origin the most recert data is subject to revision. At brst, a

short-lived revision processmay seemunlikely to have much of an elect on the asymptotic



distribution of a test statistic. As an example, considerthe standard F'-test for predictive
ability constructed using obsenations ¢ = 1,...7. If the Pnal obsenation is subject to
revision, solong asthe revision is bnite the asymptotic distribution of the F'-test, taken as
T — oo, will be unalected becauseunder reasonableassumptions,a single obsenation will
almost surely have no inBuenceon the parameter estimatesand subsequeh test statistic.

Now considerthe casein which an out-of-sample test of predictive ability is being con-
structed. The test statistic is functionally very dilerent from an in-sample one and in a
fashion that makesit particularly susceptibleto changesin the correlation structure of the
data as the revision processunfolds. This occurs for three reasons: (i) while parameter
estimatesare typically functions of only a small number of obsenations that remain subject
to revision, out-of-sample statistics are themsehesfunctions of a sequenceof these parame-
ter estimates(one for ead forecastorigin t = R,...T, ), (ii) the predictand usedto generate
the forecast and (iii) the dependert variable usedto construct the forecast error may be
subject to revision and hencea sequenceof revisions cortribut e to the test statistic. If it
is the case, as noted in Aruoba (2006), that data subject to revision possessa dilerent
mean and covariance structure than Pnal revised data, it is not surprising that tests of
predictive ability using real-time data may have a dilerent asymptotic distrib ution than
tests constructed using data that is never revised.

Accordingly, in this paper we provide analytical, Monte Carlo and empirical evidenceon
pairwise tests of equal out-of-sample predictiv e abilit y for modelsestimated N and forecasts
evaluated N using real-time data. We consider comparisons whereby the models are non-
nested or nested, as well as a design we refer to as reverse-werlapping. In ead casewe
restrict attention to linear direct multi-step (DMS) models evaluated under quadratic loss
but do not require that the modelsbe correctly specibed;model residualsand forecasterrors
are allowed to be conditionally heteroskedastic and serially correlated of an order greater
than the forecasthorizon. In somecaseswe permit the revision processto consistof both
Onews@nd OnoiseGis debnedin Mankiw, Runkle and Shapiro (1984) and applied more
recertly by Aruoba (2006). In general,though, we emphasizethe role of noisy revisions.

Our results indicate substartial dilerences in the asymptotic behavior of tests of equal
predictive ability, relative to those found in the existing literature, when data is subject to
revisions. For example, when constructing tests of equal predictive ability between non-

nestedmodels, West (1996) notes that the elect of parameter estimation error on the test



statistic can be ignored when the samelossfunction is usedfor estimation and evaluation.

In the presenceof data revisions, this result cortinues to hold only in the special case
in which the revision process consists only of news. When even some noise is presert,

parameter estimation error cortributes to the asymptotic variance of the test statistic and
cannot be ignored when conducting inference.

As another example, when constructing tests of equal predictive ability betweennested
models, Clark and McCracken (2001, 2005) and McCracken (2006) note that standard test
statistics usedto evaluate predictiv e ability are not asymptotically normal but instead have
represertations as functions of stochastic integrals. Howewer, when the revision process
contains a noise componert, we show that the standard test statistics fail not only to be
asymptotically normal, but in fact divergewith probability one under the null hypothesis.
To avoid this, we introduce a variant of the standard test statistic that is asymptotically
normal despite being a comparison betweentwo, recursively estimated, nested models.

In the caseof predictable revisions,we alsoconsidera newsituation wereferto asreverse
overlapping. The term OwerlappingOcomes from Vuong (1989) and describes a situation
wherethe null hypothesisof equal in-sample predictive ability between two ostensibly non-
nestedmodels can arise two ways N ead leading to a distinct asymptotic distribution. In
the brst, the two models are non-nestedwith a non-degenerate(in-sample) loss dilerential
and asymptotic normality is obtained for the likelihood ratio. In the second,the two models
collapseonto a single model that is nested within ead model and the likelihood ratio is
asymptotically mixed chi-square. In our case,the reverseis true: an ostensibly nestel
pair of models can satisfy the null two ways (described below), eat leading to a distinct
asymptotic distrib ution. While ead is asymptotically normal, the appropriate asymptotic
variance can be very dilerent. An examplewill be provided in Section 3.3.

Not surprisingly, as with all theoretical results, our conclusionsrely upon assimptions
made on the obsenables. What makes our problem specibcally troubl esomeis that the
obsenablesare learned sequettial ly in time acrossa Pnite-lived revision process. For any
given historical date, we therefore have multip le Oobserable<O for a given dependent or
predictor variable. To keepour analytics astransparent as possible,while still remaining
relevant for application, we assumethat for each variable the revision proces cortinues
sequetially for a bnite 0 < r << R periods. While these revisions are assumedto be

covariance stationary, only limited assumptionsare made directly on the obsenablesacross



revisions for a bxed historical date. Importantly, we also abstract from other forms of
revisions including benchmark revisions. We leave these important issuesto subsequeh
researd.

While our results are related to the existing literatur e on tests of out-of-sample pre-
dictabilit y, our results alsorelate back to a literature on forecastingin the presenceof data
revisions including Howrey (1978), Swanson (1996) and Robertson and Tallman (1998).
Notably, our results bear someresenblance to those in Koenig, Dolmas and Piger (2003).
They, too, note that the obsenableslikely have dilerent statistical properties depending
upon wherethe obsenablesare in the revision process. They suggestthat one canimprove
forecast accuracy by using the various vintages of data as they would have been obsened
in real-time to construct forecastsrather than only using those obsenables that exist in
the most recent vintage. Their results diler from oursin that they are interested in fore-
cast accuracywhile we are interested in out-of-sampleinferencebut the main issueremains
the same: ignoring the data revision processcan lead to undesired outcomesN either less
accurate forecastsor, in our case,asymptotically invalid inference.

The remainder of the paper proceedsas follows. Section 2 introduces the notation,
the forecasting and testing setup, and the assumptionsunderlying our theoretical results.
Section3 debneghe forecast tests considered,provides the null asymptotic results, and lays
out how, in practice, asymptotically valid tests can be calculated. Proofs of the asymptotic
results are provided in the appendix. Section 4 preseris Monte Carlo results on the pbniteb
sample performance of the asymptotics. Section 5 applies our tests to determine whether

measuresof output have predictive content for U.S. inRation. Section 6 concludes.

2 Setup

As noted above, in our theory we allow the obsenablesto be subject to revision over a bnite
number of periods, r. We have in mind the casewhere r is small relative to the number of
obsenations being used to estimate the model parameters at any given forecastorigin. To
keeptrack of the various vintagesof a given obsenation we usethe notation ys(t) to denote
the value of the time ¢ vintage of the obsenation s realization of y. Throughout, when
either there is no revision process(so that » = 0) or when the revision processis completed
(sothat t > s+ r), wewill drop the notation indexing the vintage and simply let ys(t) = ys.

The sampleof obsenations {{ys(t), z5(t) }i=; }tT: r includesa scalarrandom variable ys(t)



to be predicted, aswell asa (k x 1) vector of predictors zs(t). When the two modelsi = 1,2
are nested or reverse-overlapping we let zs(t) = 22s(t) = (21 5(t), 25y s(1))" With zis(t) the
(ki x 1) vector of predictors assaiated with model i. Hence the putativ ely nested and
nesting models are linear regressons with predictors x1 s(t) and x2 s(t) respectively. When
the models are non-nestedwe debPnex; s(t) and x2s(t) astwo distinct (ki x 1) subvectors
of z5(t) (perhapshaving somevariablesin common).

For ead forecast origin t the variable to be predicted is v+ ('), where = denotesthe
forecasthorizon and ¢' > t+ 7 denotesthe vintage used to evaluate the forecasts. Through-
out the evaluation period, we keepthe vintage horizon ' = t' — ¢ — 7 bxed. At the initial
forecastorigin ¢ = R, the presern data vintage consistsof obsenations (on ys(R) and zs(R))
spanning s = 1,...R. Letting P — 7+ 1 denote the number of rDstepahead predictions,
the progressionof forecastorigins span R through "= R+ P — 7+ 1, ead consisting of
obsenations (on ys(t) and zs(t)) spanning s = 1,...t. The total number of obsenations in
the sample corresponding to the bnalvintageis T = 7'+ 7+ r'. Note that the bnal 7 + 7'
vintagesare usedexclusively for evaluation.

Forecastsof y+1 ('), t = R,..., T, are generatedusing the two linear models ys: 1 (t) =
23 ¢(1) A1+ urs+1 () (model 1) and yss1 (1) = b 4(t) Bot uzs+1 () (Model 2) for s = 1,...,t—7.
Under the null hypothesisof equal forecastaccuracy between nested models, model 2 nests
model 1 for all ¢t such that model 2 includes dim(x22s(t)) = k22 excessparameters. Then
Ba = (81,0), and yee 1 (#) — 24, ()1 = ureer (') = uzper () = uper () for all ¢ and ¢
Becauseof this degeneracythe hypothesisof equal population predictive ability is trivially
true since Eu? | (t') = Eu,, (') = Euf,, (') for all ¢ and ¢'.

Under the null hypothesis of equal forecast accuracy between non-nested or reverse-
overlapping models, there are no explicit restrictions on the model parameters. We only
require that, when evaluated at the population value of the pseudo-true parametersassai-
ated with the models, the squaredforecast errors have a common mean and hence(with a
covariance stationarity assimption made later) E(uf ., (t') — u3,, (t')) = 0 for all ¢.

Both model 10snd model 20dorecastsare generatedrecursively using OLS-estimated
parameters. Under this approach both 3; and 3, are re-estimated aswe progressacrossthe
vintages of data associated with ead forecastorigin: for ¢t = R,...,T, model iOgi = 1,2)
prediction of v+ (¢') is created using the parameter edi mate Qi,t basedon vintage ¢ data.

Models 1 and 2 yield two sequencesof P — 7 + 1 forecast errors, denoted ¢+ (') =



o1 (1) — 2 ()81 and tper (1Y) = yeer (¢) — 2h (1) B, respectively.

Finally, the asymptotic results below usethe following additional notation. Let hj+: (t') =
(g1 (1) = 2 (DB (1), hiser = (Yser — @i 5)wis, Hi(t) = p & his+r, Bi =
(Ezisazig)*t and di (t) = ufysy (') — udes, (¢). Throughout, when the models are non-
nestedor reverse-oerlappingwelet it 1 = (R ey, hbgey)' heet () = (hhgey (8, hh ey (£))
and Up+1 = [de+1 (1), hiy ) (£') — Ehiyy (1), hiy, , zi — Ex{]'. When the models are nested, let
hse1 = hoser, heey () = hoger (1Y) @and Upey = [hiy, (t') — Ehiy, (1), hiy 2 — Exi]'t In
either caselet H(t) = 1’ %1 hs+1. Debnethe selectionmatrix J = (Ix,sk,, Ok, $k,,) and
let " denote the asymptotic variance of the scaledloss dilerential di+ (t') dePnedmore
preciselyin Section 3.

Giventhe debnitionsand forecastingschemedescribed above, the following assumptions
are usedto derive thelimiting distributions in Theorems1-4. The assumptionsare intended

to be only su#cient, not necessaryand su#cient.

(A1) The parameterestimates?ivt, 1= 1,2,t= R,...,T, are estimated using OLS for each

L. |
vintage in successiorand hence satisfy 8, = argmin- % (ys+ 1 (t) — 21 ¢ (£)3)%.2

(A2) (a) U+ is covariance stationary, (b) EUi1 = 0, () Exyri < oo and is positive
debnite, (d) For somen > 1 and for ead integer 0 < 7, (w(t + 7),zi(t + 7)) is uniformly
L?" bounded, (e) U+ is strong mixing with coe#cients of size—2n/(n—1), (f) " is positive

debnite.

(A3) (a) Let K(x) be a kernel such that for all real scalarsz, |K(x)| < 1, K(z) = K(—x)
and K(0) = 1, K(z) is continuous, and ., |K(x)|dz, (b) For somebandwidth M and
constart i € (0,0.5), M = O(P').

(A4) |imR'p&% P/R: 7 € (0, 00).

(A4Y) limg pg oo P/R= 0.
The assumptions provided here are closely related to those in West (1996) and Clark
and McCracken (2005). We restrict attention to forecasts generated using parameters

estimated by OLS (Assumption 1) and we do not allow for processeswith either unit roots

'When the models are nested, di,(t) = O for all t and ¢,

2That is, at eac forecast origin t, we usethe last vintage of data available at period ¢ to estimate the
model by OLS. As forecasting movesforward in tim e, we use ever-newer vintages of data, and a tim e sample
of increasing length.



or time trends (Assumption 2). When long-run variances are estimated, standard kernel
estimators are used (Assumption 3). We provide asymptotic results for situations in which
the in-sample size of the initial forecastorigin R and the number of predictions P are of
the sameorder (Assumption 4) aswell aswhen R is large relative to P (Assumption 4').
Although our assumptions are restrictive in someways N notably the comparison of
linear modelsN in other ways they arefairly general. We allow for conditional heteroskedas-
ticit y and serial correlation in the levelsand squaresof the forecasterrors. Nevertheless,our
assumptionsremain strong enoughfor us to use Wooldridge and WhiteOg1998) th eoreti cal

results on CLTSs.

3 Tests and Asym ptoti ¢ Di stributi ons

In this section we provide asymptotics for tests of equal forecast accuracy for non-nested,
nested and reverse-werlapping comparisons. For the comparison of non-neged models we
allow data revisions to consist of both news and noise. For reverse-werlapping model
comparisons,noisy revisions are the only relevant form of revision. In the neded case,for
tractabilit y we allow the data revisionsto consistonly of noise3

In eat case,we begin by preseriing asymptotically valid expansionsof the sampleaver-
ageof the lossdilerentials ass@iated with models1 and 2, (P — 7 + 1)#1 ! =R (82 (t) —
ﬁfm (t!)). We present these expansionsin order to make clear exactly how and when
data revisions a! ect the asymptotic distribution of the tests of equal forecast accuracy al-
ready existing in the literature. Building upon these expansions,we then provide theorems
that characterize the asymptotic distributions of certain test statistics emphasizing how

asymptotically valid inferencecan be conductedin the presenceof data revisions.

3.1 Non-nested compar isons

In the context of non-nestedmodels, Diebold and Mariano (1995) proposea test for equal
MSE basedupon the sequenceof lossdilerentials @ (t) = @3, (t) — 83, (¢). If we
debneMSE; = (P — 7+ 1)#1! LrO2,, (1) (i=12), #= (P -1+ 1)#1! R @ (1) =
MSEL - MSE $aa() = (P—7+ DY L) (dher (1) — B(le 11 (¢~ )~ B, Saal—) =

3working with revisions consisting of news is feasible but an order of magnitude more complex than for
the non-nested case. We will return to this issuein a subsequen draft of the paper.




. .. | ..
B4d(4), and Oyq = jP:##1P+1 K(j/M)®44(5), the statistic takesthe form

MSE-t = (P — 7+ 1)Y? x #i (1)
Sud

Under the null that the population dilerence in MSEs from models 1 and 2 equal zero, the
authors arguethat the test statistic is asymptotically standard normal and henceinference
can be conducted using the relevant tables.

West (1996) however, notes that this outcome depends upon whether or not the fore-
cast errors depend upon estimated parameters. If they do, then the statistic remains
asymptotically normal but may have an asymptotic variance that ref3ects not only the
long-run variance of the loss dilerential limg peg % var(PY28 = Sy but also additional
variance and covariance terms that arise due to parameter estimation error. Specibcally
if linear, OLS-estimated models are used for forecasting, then PY2# —9 N(0,"), where
" = Sga+ 2(1—7*1In(1+ 7))(FBSgn+ FBSw BF') with F = (—2Buy+1 24, 2Bup+1 Th ),
B a block diagonal matrix with block diagonal elemens B; and B», Sy, the long-run vari-
anceof hi+ and Sy, the long-run covariance of hy+1 and di+1 . As a result, the MSE-t test
as constructed in (1) may be missizedbecause generally speaking, the estimated variance
944 is consistent for Sqq but not ".

One casein which the MSE-t test (1) will be asymptotically valid in the presenceof
estimated parametersis when F = 0. This casearisesnaturally in the preseri context
becauseF is equal to zero when the forecast error is uncorrelated with the predictors N
a casethat will hold when quadratic loss is used for both estimation and inference on
predictive ability and the obseavablesare covariance stationary.

In the presenceof data revisions, itOsthis last part that draws attention N that the
obsenables used to construct and evaluate the forecast errors are covariance stationary.
For example, in the absenceof data revisions, ys(t) = ys(t') and zs(t) = zs(t') for all ¢,¢'.
Henceat the population level, the resduals ys+ 1 —xi!’s B, s=1,..t—r, and forecasterrors
Ytr1 — x,'t Bl t= R,...,T, have the samecovariance structure. This implies that when the
in-samplemomert condition E(ys+1 —x%’s B )zis = Ois satisbedit must alsobe the casethat
the out-of-sample momernt condition E(yi+1 — a:,'t B)zit = 0 is satisbed. But when there
are data revisions, ys+1 — {8 and ye+1 (t) — zi, (t)3; neednot have the samecovariance
structure. Consequetly, E(ys+1 — xf,sﬁ}')xi,s equaling zero neednot imply anything about

whether or not the momert E(yi+: (t) — =i, (£) 3 )zi« (t) equalszero.



If we keeptrack of this distinction and use algebra along the lines of West (1996), we
obtain the following expansion.

Lemma 1: Let Assumptions 1, 2 and 4 or 4' hold. PY2@= p# v2' =R e (1) —
ub4.1 () + FBH(L)) + op(2),

The expansionin Lemma 1 is notationally identical to that in Wes@ (1996) Lemma4.1.
Conceptually, though, it dilers in two important ways. First, the analytics are derived
allowing for data revisions at the end of ead sequenial vintage of data. Second,the term
F is debnedas 2(—Euy+1 (t') 2 (t), Eugts1 (') 25(1)), thus emphasizingthe distinction
betweenthe population in-sampleresidualsand the population out-of-sampleforecasterrors.
Since the asymptotic expansion is notationally identical to that in West (1996) itOsnot
surprising that the asymptotic distribution of the scaled average of the loss dilerentials
remains (notationally) the same.

Theorem 1: Let Assumptions 1, 2 and 4 or 4' hold. PY2# —9 N(0,") where" =
Sgd + 2(1 — 7 In(1L + 7))(FBSgn + FBShnBF").

Sincethe asymptotic distribution is essetially the sameasin West (1996), the special
casesin which one can ignore parameter estimation error remain essetially the same. For
example, if the number of forecastsP — 7+ 1 is small relative to the number of in-sample
obsenations from the initial forecast origin R, such that limgrpg o, P/R = m = 0, then
2(1 — 7 1In(1 + 7)) = 0, and hencethe latter covariance terms are zero. This caseis
identical to that in West (1996).

Another special caseariseswhen the out-of sample moment condition £ =
2(—EBua i+ ()2 (1), Euggs 1 ()25, () equalszero. In this casethe latter covarianceterms
are zero and henceparameter edi mation error can be ignored. To seewhen this will or will
not ariseit is usdul to write out the population forecasterrors explicitly. That is, consider
the momert condition E(ye+ 1 (t) —zi, (£)3; )i, (t). Moreover, note that j; is dePnedasthe
probability limit of the regressionparameter estimatein the regressionys+: = xi!’sﬁlil+Ui’S+!.
Hence F equals zero if Exit ()yi+1 (') = (Ewig ()i (1)) Exig 2 )* Y(Ezigyi+1) for eah
1= 1,2. Somespecibcinstancesthat result in F = 0 are listed below.

1. x and y are unrevised

2. z is unrevised and the revisionsto y are uncorrelated with «

3. z is unrevised and Pnal revisedvintage y is usedfor evaluation

4. z is unrevisedand the OvirtagesCof yOsre redebnedsothat the data releaseusedfor



estimation is also usedfor evaluation (as suggestedoy Koenig, Dolmas and Piger (2001))
In generalthough, neither of these special casesN that 7 = 0 or F = 0 N needhold.
In the former case,West and McCradken (1998) emphasizethat in bnite samplesthe ratio
P/R = % may be small but that need not guarantee that parameter estimation error is
negligible since it may be the casethat FBSg, + FBShBF' remains large. For the
latter, in the presenceof predictable data revisionsit is typically not the casethat F' = 0.
To conduct inferencethen requires constructing a consistert estimate of the asymptotic

variance" givenin Theorem 1. We return to consistert estimation of " in Section 3.4.

3.2 Nested compar isons

In the context of nestedmodels, Clark and McCracken (2005) and McCracken (2006) also
proposetests for equal MSE basedupon the sequenceof lossdilerentials. Specibcally they
considerthe MSE- statistic discussedn (1) but applied to nestedmodelsand another that
can be constructed analogously to an in-sample F-test but using out-of-sample forecast
errors, given by

MSE; — MSE;
MSE>

MSE-F = (P — 7+ 1) x = (P -7+ 1) x )

MSE,’

In both casesthe tests have limiting distributions that are nonbsandard whenthe fore-
casts are nested under the null. Specibcally McCracken (2006) shav thats, for onebstep
aheadforecastsfrom well-specibednestedmodels, the MSE-t and MSE-F statistics corverge
in distribution to functions of stochastic integrals of quadratics of Brownian motion, with
limiting distributi onsthat depend on the parameter = and the number of exclusionrestric-
tions k»», but not any unknown nuisanceparameters. For this case,simulated asymptotic
critical valuesare provided. In Clark and McCracken (2005), the asymptotics are extended
to permit direct multi-step forecastsand conditional heteroskedasticity. In this ernviron-
mert the limiting distributions are alected by unknown nuisanceparameters. Accordingly,
for this situation, a bootstrap procedureis recommended. However, all of theseresults are
derived ignoring the potential for data revisions.

In the presenceof predictable data revisions, the asymptotics for tests of predictive
ability changedramatically N much more sothan in the non-nestedcase. As wasthe case
for non-nestedmodels, the crux of the problem is that when there are data revisions, the
residualsys+1 — i3 s = 1,...,t— 7 and the forecasterrors yi+, (t') — z{; ()] t= R,...,T

neednot have the samecovariance structure and hence,in particular, E(ys+1 — w!z,sﬁ'é)xz,s
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equaling zeroneed not imply anything about whether or not the momert F = 2E(y+1 (t') —
x!zlt(t)ﬂ;)xz‘t (t) equalszero. If we keeptrack of this distinction and usealgebra along the
lines of West (1996), we obtain the following expansion.

Lemma 2: Let Assumptions 1 and 2 hold and let F' # 0. (i) If Assumption 4 holds,
PY2@= F(—JB1J'+ By)(P*Y 2! —r H(t)) + 0p(1). (ii) If Assumption 4' holds, RY 2=
F(—JB1J'+ Bo)(RY2H(R)) + op(1).

The expansionin Lemma 2 (i) bears someresenblance to that in Lemma 1 for non-
nested models but omits the lead term (P# 2! teruf i (t) — udiy, (1)) becausethe
models are nested under the null. Interestingly, neither (i) nor (ii) bearsany resenblance
to the corresponding expansionsin Clark and McCracken (2005) and McCracken (2006) for
nested models. The key dilerence is that the Lemma 2 expansionis of order PY2, rather
than the order P in Clark and McCracken (2005) and McCracken (2006) and as one would
typically expect from a comparison of nested models using a statistic like an F-stat. Not
surprisingly, this changein order implies very dilerent asymptotic behavior of out-of-sample
averagesof lossdi! erertials from nested models.

Theorem 2: Let Assumptions 1 and 2 hold and let F # 0. (i) If Assumption 4 holds,
PYV28 4 N(©,"), where" = 2(1—n*1In(1+ 7)) F(—JByJ'+ Bo)Spn(—JB1J'+ Bo)F*. (i)
If Assumption 4' holds, RY 2#—% N(0,"), where" = F(—JB1J'+ B2)Shn(—JB1J'+ Bo) F'.

Theorem 2 makes clear that in the presenceof predictable revisions, a t-test for equal
predictive ability can be constructed that is asymptotically normal under the null hypothe-
sis. This isin sharp contrast to the resultsin Clark and McCracken (2005) and McCracken
(2006), in which the tests generally have non-standard limiting distributions. This Pnding

has a number of important implications, listed below.

1. The MSE-F statistic divergeswith probability 1 under the null hypothesis. To see
this note that Theorem 2 implies that the numerator of MSE-F is PY2(PY2#8. Solong as
the probability limit of M SE; is Prite we know that the MSE-F is Op(PY ?) and hencethe
asymptotic size of the test (one-sidedto the right) is 50%.

2. The MSE-t test (1) alsodivergeswith probabilit y 1 under the null hypothesis. To see
this note that by Theorem 2, the numerator of MSE-t is Op(1). Following argumerts made
in Clark and McCracken (2005) and McCracken (2006), the denominator of the MSE-t is

Op(P# 1). Taking accourt of the squareroot in the denominator of the MSE-t test implies
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that the MSE-t test is Op(PY 2) and hencealso has an asymptotic size of 50%.

3. The standard forms of the MSE-F and MSE-¢ tests have power against the null of
Granger non-causality and the newsvs. noise hypothesisthat the in-sample F-test does
not have.

4. Out-of-sample inferencefor nested comparisonscan be conducted without the strong
auxiliary assumptionsmadein Clark and McCracken (2005) and McCracken (2006) regard-
ing the correct specibcationof the models.*

5. Perhapsmost importantly, asymptotically valid inferencecan be conducted without
the bootstrap or non-standard tables. Solong as an asymptotically valid estimate of " is
available, standard normal tables can be usedto conduct inference. Consistert methods

for estimating the appropriate standard errors are described in Section 3.4.

However, even with predictable revisions (that make F' non-zero), it is possible that
the asymptotic distributions of the MSE-t and MSE-F' tests can diler from the results
given in Theorem 2. In somecases,even with F' # 0, the variance * may be zero, due
to a singularity in the middle term of the quadratic form that determines"” (specibcally
(—JB1J' + By)). Cancellation among terms in (—JB1J' + B2)Sm(—JB1J' + B,) may
make " singular. This cancellation seemsmore likely to occur with one-stepforecastsand
conditionally homosledastic residuals (which reduce Sy, to ang 1), although it may occur
even without theserestrictions. As a simple example, supposea DGP that relatesy to a
variable z with meany # 0, with both y and x having variancesof 1. Let y be subject to one
revision (provided one period after the publication of the initial estimate), with revisions
having a mean of x # 0. Supposethe null forecasting model includesjust a constart; the
alternativ e includesa constart and x. In this case,the F' vector is —2x(1, 1) # 0. However,
working through the algebra shows that " = 0. In sud situations, the numerator and
denominator of a t-test for equal MSE will both be converging to zero. If the corvergence
rates are the same, the test may have a nonbdegeneratalistribution, but that distribution
will diler from those described above. Nonethelessi,it is possiblethat, in Pnite samples,the
distributions described above may reasonably approximate the actual distribution. Using

this simple DGP, we examine this possibility in the Monte Carlo analysis.

“In previous work we have required that serial correlation in the residuals and forecast errors were of
Pnite order. In most instances we treated 7-step ahead errors as forming an MA( 7 — 1) process.
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3.3 Reverse overlapping compar isons

In the preceding discussion, the null hypothesis of equal forecast accuracy between two
nestedmodels wasimposeal by maintaining that the additional predictors, z22t, ass@iated
with the unrestricted model held no predictive content for 3.+ and hencethe assaiated
regressionparameters 3,, were zero. While not immediately obvious, the null hypothesis
of equal forecast accuracy can hold even when (3,, is not zero N but only when it is also
the casethat the data usedfor evaluating the forecastis subject to revision and has the
right covariance structure.

To seethis considerthe following simple example. Supposethat the dependert variable
(which is subject to revision) is determined by the covariance stationary, simple, linear
regressionyi+1 = Bo+ OBooxt + €t+1, With scalar stochastic regressorzy (that is not revised)
and white noiseerror ;. Let model 1 be the trivial constart mean model consisting of just
an intercept and let model 2 be the correctly specibPedmodel consisting of both an intercept
and z;. If we estimate eath by OLS, the assaiated squared forecast errors, evaluated at
the probability limits of the parameter estimates are uim (t") = (y+1 (') — Eyes1)? and
U541 (') = (yr+1 (t') — Eyrer — (w1 — FEay) B22)%, Where By, = cov(ar, yr+1) /var(ay).

For equal forecast accuracy the expected dilerence of these squared forecast errors
should be zero. Taking this expectation we obtain E[uZ .y (') — u3 41 ()] = —2E[(yt+1 —
y+r ()2t — Exy)]Boy + E(xt — Emt)%gz. In the previous section, we obtained equal
forecast accuracy because/3,, was restricted to zero under the null.  Closer inspection,
however, revealsthat the dilerence can be zeroevenwhen 35, is not, solong asthe revision
y+1 — ye+1 (') is not zero as well. Substituting in the debnition of 3,, and rearranging
terms we bnd that E[uf ., (t) — u3.41 (t)] can also be zero if 2cov(yi+1 — yrea (), 21) =
cov(xy,y+1 ). For this caseto apply, the revisions y+1 — +1 () must have just the right
covariance with the predictors z;. Equivalertly, the two models will have equal predictive
ability solong as 3,, = 2cov(yt+1 — yi+1 (1)) /var(zy) N that is, if the regresion coe#cient
happensto be twice the value of the slope coe#cient assaiated with the projection of the
revision yi+1 — yr+1 (') on the predictand z.

When this situation arises we refer to two models as being reverse-werlapping. The
term OawerlappingOcomesfrom Vuong (1989) and describes a situation in which the null
hypothesis of equal in-sample predictive ability betweentwo ostensibly non-nestedmodels

can arise two ways, ead leading to a distinct asymptotic distribution. In our case,the
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OreerseQis true: an ostensibly nestal pair of models can satisfy the null two ways, eadh
leading to a distinct asymptotic distribution. The Prst is precisely that from our out-of-
sampletheory in the previous nested section. The latter, aswe will seebelow, is related
to our out-of-sample theory from the previous non-nestedsedion.

Prior to preseriin g the result it is helpful to revisit somenotation. Recall from Sedion 2
that, whenwe work with reverse-aerlapping models,wedebnehi+| = (hy 4, hbs)' aswe
did in the non-nestedcase,rather than hi+1 = hot+1 aswedid in the nestedcase. Similarly,
we dePneF as2(—Euy+1 (t) 2} (), Buais+ 1 (') 25 (1)) rather than 2Bup 41 (') 22, (t) aswe
did for the nestedcase. With thesechangesin hand, if we again let B denote the block
diagonal matrix formed by B; and By, we obtain the following expansion.

Lemma 3: Let Assumptions 1, 2 and 4 or 4' hold. PY2@= p# 2! R, () -
ub4. (1) + FBH(L)) + op(2),

The expansionin Lemma 3 matchesthat of Lemma 1 for the caseof non-nestedmodels
rather than that of Lemma 2 for the nestedcase. The reasonis that the interaction of the
additional predictive cortent in z22¢ with this special form of data revision (i) inducesthe
initial term, P* v2! t=r(W3 ) () —udyy (¢), to be non-zeroand (ii) prevents ha g+ ()
and hyt+1 from being numerically equivalent to Jhy+1 (t') and Jhyy+1 respectively sothat
F and hi+1 needto be redebned.Again, sincethe asymptotic expansionis identical to that
in West (1996), itOsnot surprising that the asymptotic distribution of the scaledaverageof
the lossdilerentials remains (notation ally) the same.

Theorem 3: Let Assumptions 1, 2 and 4 or 4' hold. PY2# -9 N(0,") where" =
Sga + 2(1 — 7 In(1 + 7))(FBSgn + FBShn BF").

Becauseof the similarity between Theorem 1 and Theorem 3, some of the methods
that apply to constructing an asymptotically valid test statistic for the non-nested case
remain applicable for the reverse-werlapping case.When = = 0, 2(1—7#1In(1 + 7)) equals
zero, and hencethe elects of parameter estimation error are asymptotically negligible. In
contrast, though, by the very nature of the reverse-werlapping models, it is very unlikely
that it will be the casethat F' = 0. To seethis, note that, using our earlier example
as a foil, since 3,, is not zero neither is cov(zt, y1+1). Sincereverseoverlapping implies a
non-degeneraterelationship between cov(zt, yi+1) and cov(xt, yi+1 — ye+1 (¢1)), it must also
be the casethat cov(xy, y+1 — yi+1 (') is non-zero. But for our simple example, this in

turn implies that F' cannot be zero.
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For reverse-werlapping comparisonsit is then again the casethat conducting asymptot-
ically valid inference will require consistert estimation of the appropriate standard errors

from Theorem 3. We show how to do soin the following section.

3.4 Esti mati ng the standar d errors

For eact of the model comparisonswe obtain results suggestingthat PY 28/$12 (or RY 24/$1/2)
will be asymptotically standard normal and hence the corresponding tables can be usedto
conduct inference so long as consistert estimates of the relevant standard errors can be
constructed. In this sectionwe provide details on methods for constructing asymptotically
valid estimates of the standard errors assaiated with ead of the non-nested, nested and
reverse-werlapping cases.

In eath case,somecombination of Sqq, San, Shn, F, B, and 2(1—7*#1In(1+ 7)) needsto be
estimated. Since® = P/R is consistent for 7, estimating % = 2(1— 7% In(1 + 7)) is trivial.
For F and B we use the obvious sample analogs For B; = (T#l! madtn) g sal )R,
we let B denote the block diagonal matrix constructed using B; and B,. For non-nested
and reverseeverlapping comparisons,we depnef = 2(—1)‘[P#1! t=r(Big+1 (t)zf; (1)] and
B = (B, B,). For nested comparisons, F = 2[P#1! LR o1 ()75 (D],

For the long-run variances and covariances we consider estimates based upon stan-
dard kernel-basedestimators akin to those used in West (1996), West and McCracken
(1998) and McCracken (2000). To be more precise, we use kernel-weighted estimates of
$0a(s) = B(uR e (1) —1Bpar N a1 (' =) — a1 (' = 1)), San(i) = B o) (£) —
U541 (1)) hisy 4 @nd $pn () = Ehtsr hyy 4 to estimate Sgg, San and Shn. To construct the
relevant piecesrecall that @i +1 (') = yee1 (t) — 2 ()¢, t = R, ...,T. For non-nestedand
reverse-werlapping comparisons,dePnefis, 1 = ((ys+1 — 71681 1) 71 s, (se1 —25s827)25 )",
s=1,...,T. For nestedcomparisons,debneﬁy! = (Ys+1 _x!z,sgz,T)xZ,S' s=1,..,T.

With these sequenceof forecast errors and OLS orthogonality conditions in hand, let
Bua(y) = P#l! tT=R+j (0F 1) (') — 0344, (t!))(aitﬂ#j (t'—j) — a%,H!#j (' — ), $n()) =
T3 Lo B Bl ey and$en(i) = PPL Ly (8001 (80300 ()B4 14, with $u0()) =
B4d(—1), 8n(j) = 8, (—7) and 8an(j) = 84,(—;). Let K(.) dePnean appropriate ker-
nel function and M a bandwidth. We then estimate the long-run variances and covari-
ancesas g0 = Pty KG/M8a(), Sn = P KG/MEm(), and oy =
! 2o K(j/M)84n(5). The following theorem shaws that the relevant piecesare con-

sistert for their population courterparts.
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Theorem 4: Let Assumptions 1, 2 and 4 or 4' hold. (a) B —P B;, B —P F, 844(j) —P
$4d(7): Ban(5) —P $an(j) and 8nn(j) —P $mn (). (b) If Assumption 3 holds, 949 —P Sud,
Oah —P Sah, Shn —P Shh-

Along with Theorems1-3, Theorem 4 and SlutskyOsheoremimply that PY28/$12 (or
RY 28812 is asymptotically standard normal and hence asymptotically valid inference
can be conducted using the appropriate tables. Monte Carlo evidenceon the bnite sample
performance of these estimators is given in Section 4.

Of coursevalid inferencerequires using the individual componerts appropriately when
constructing ®  For non-nested comparisonsone can use either ® = 934 + 2B B9, +
BB, BB) or ® = 9,4, depending on whether one expects that there is a noise componert
to the data revisions (with no noise, either estimate is asymptotically appropriate; with
noise, only the former is appropropriate). For reverse-aerlapping comparisonsthe former
is the only relevant choice becausepredictable revisions are a necessarycondition for the
comparisonto exist. For nested comparisons, one can use eit her $ = ZW(—JEJ! +
B8 (—JBJ + By)F or 8 = B(— B + By) & (—JBJ' + Bo) B, depending upon
whether or not onesuspectsthat the 7 > 0 or 7 = 0 asymptotics are those most appropriate
in a given application.

Interestingly, when making an ostensibly nestedcomparison, if oneis unsure of whether
or not the reverse-werlapping casemight apply, one can usethe reverseeverlapping vari-
ant of $ as an asymptotically valid estimate of both Sgq + 2%(FBSgn + FBSmn BF")
and 2%F(—JB1J' + B)Swn(—JB1J' + Bo)F'. To seethis, note that when the models
are nested, Sqg and Sgn, are both zero and furthermore, straightforward algebra reveals
that the reverse-werlapping debnition of FBS, BF' collapsesto the nested debnition of
F(—JB1J'+ B2)Shh(—JB1J'+ B,)F'. However, in the Monte Carlo experiments described
in the next section, it wasconsisterily the casethat usingthe standard error estimate based
on the overlapping approac yielded a rejection rate of roughly zero. As a result, we donOt

include this approach in the nested model simulation results below.

4 Monte Carlo Evidence

We use simulations of simple DGPs to evaluate the Pnite sample properties of the above
tests for equal forecast MSE in the presenceof data revisions that exhibit either news or

noise. As a baselinewe also considerresults in the absenceof revisions. In simulations of
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nonbnestedmodels, we focus on t-tests for equal MSE, one computed without regard to
the impact of data revisions (using just Syq) and another adjusting for the impact of data
revisions (using Sqq + 2%(F BSgn + F BShy BF"Y). In simulations of the nestedmodel case,
we evaluate sizeand power of tests of equal forecastaccuracy using critical valuesbasedon
previous work (McCracken, 2006)that ignoresthe revision processaswell asthosethat use
standard normal critical valuesthat are applicable in the presenceof predictable revisions.
For the nestedexperiments we focuson 7 > 0 asymptotics and considerfour tests: MSE-F
comparedagainst critical values from McCracken (2006), MSE-t using" = Sgq and critical
valuesfrom McCracken (2006), MSE-t using" = 2%F(—JB1J'+ B2)Shn(—JB1J' + By) F'
and standard normal critical values,and MSE-t using" = Sgq+ 2%(F BSgh + F BSnn BF")
and standard normal critical values. We also report results for three test statistics based
on m = 0 asymptotics: MSE-F against # = 0 critical values from McCracken (2006),
MSE-t using Sqq and standard normal critical values,and MSE-t using" = F(—JB1J' +
B2)Shh(—JB1J' + B,)F' and standard normal critical values

We proceedby Prst describing our Monte Carlo framework and the constructi on of the
test statistics. Wethen presen results on the sizeand power of the forecastbbasedtests, brst
for the nonbnestedcaseand then the nested case. In this draft, we considerjust onebstep
aheadforecasts(so ™ = 1). Wewill add results for multi-step forecasts,aswell asthe reverse
overlapping case, in a future draft. In all cases,the primary DGPs are parameterized to
roughly re3ectthe properties (estimated with 1961-2003data from the 2007:Q1vintage) of
the changein the quarterly U.S. inf3ation rate (as measuredby the GDP price index) and an
output gap computed with the HP biter. The variable being forecastroughly corresponds
to the changein in3ation; the variables usedto forecast in3ation have properties similar to

those of the HP output gap.

4.1 Monte Carlo design: non-nested case

In the nonbnestedforecast case,we consider a DGP that relates y to lags of y, x1, and
2, With x; independert of x> and both variables following AR processes.This basic VAR
structure generatesthe bnal or true valuesof y, x1, and z». One model usedto forecast
y includes lags of y and just x1; the other includes lags of y and just x,. To establish a
baseline,we brst considerthe properties of forecast tests basedertirely on the bnal data,
with Pnal data usedto generateand evaluate forecasts (using the data yi, =1, and x2

generatedas detailed below). Data are generatedusing independert draws of innovations
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from the standard normal distribution and the autoregressie structure of the DGP. The

complete data generating processfor the bnal data takes the following form.

w = —Ayw1— ywmat 2511+ ((25+ B)aowm1 + uyy 3)
r1t = Llwygp1 — Swigga + uxit
Tot = E%lﬂfzm# 1— -3$%,t# 2+ Uxot
% ( 1.0
Uy t
’ 0 5
Var& Uy 1t - g 0 0 5%
Ux2,t ’

The coe#cient 3 is setto zeroin sizeexperiments and 0.5 in power experiments.

We focus, of course,on data subject to revision, supposing the bnal valuesare released
with a delay. In practice, data such as GDP are subject to many revisions. In the case
of GDP-related data, three estimates are published 1, 2, and 3 months after the end of
a guarter; subsequeh estimates are published in three annual revisions; and yet further
revisions are published in periodic benchmark revisions. In our Monte Carlo exerciseswe
try to simplify matters while at the sametime preserving someof the essetial features of
actual revisions. In size experiments, we allow for two revisions of an initially published
estimate. SpeciPcally a Prst estimate of ead variableOs/alue in period ¢ is published in
period ¢ (denoted w(t), x1t(t), and x2¢(t)). Updated estimates (y:(t + 1), z1:(¢ + 1),
and x2¢(¢ + 1)) are published in period ¢ + 1. The Pnal estimates (y;, x1t, and x,t) are
treated as being published in period ¢t + 8. The particular dating is of coursearbitrary, but
our intention is to capture the empirical regularity of a combination of early revisions and
late revisions. The brst revision (published in ¢t + 1 in our simplibed dating) is meart to
correspond to the Prst revision of NIPA estimates; the secondis meart to correspond to
revisions of NIPA data published two yearsafter the initial estimate (publishedin ¢+ 8in
our simplibed dating).

In power experiments, we simplify things a bit in the interest of better cortrolling which
forecastis more accurate in real time, and considera single revision, with initial estimates
published in period ¢ and Pnal estimates published in period ¢ + 4. Motivated by work in
such studies as Croushore and Stark (2003), Faust and Wright (2005), and Arouba (2006)
on predictabilit y in data revisions, the revision processesiave a common generalstructure,
relating a revision betweenthe prior edimate and current estimate to the prior estimate

and an independert innovation.
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The data generating processfor the revisions incorporated in the size experimerts is

given by the following.

v —y(t+ 1) = yau(t+ 1)+ vy (4)

it —z(t+ 1) = gzt + 1)+ vixa

w2t — x24(t+ 1) Yx21T2t(t+ 1) + vixat
y(t+ 1) —wi(t) = yyou(t) + vayt

rrp(t+ 1) —210(t) = g 271(t) + vaxat

o (t+ 1) — x224(%) Yx2,2%2t(t) + v2x2t-

In implemertation, we generate the preliminary data with a simple iterative approad:
from the Pnal data and draws of the errors vyyt, vixit, and vixot, We usethe brst three
equationsin (4) to construct the secondestimates, publishedin period ¢+ 1; from the second
estimates and draws of the errors voy t, vax1t, and voxot, We usethe last three equations
(4) to construct the initial estimates, published in period ¢. In the power experiments, we

allow for a single revision, with the Pnal estimate published with a four-period delay:

Yy, a4 (t) + vyt ®)

ye — ye(t)

r1t — x1,(2) Yx1,171t (1) + vixit

o —x2t(t) = ’Yx2,19?2,t(t) + vixat

Our parameterizations of the revision processs are drawn from empirical edi mates for
real-time U.S. data on the changein GDP in3ation and the HP output gap from 1965
through 2003. As detailed in section 5, this empirical evidenceis for revisions from prst
estimatesto second(from the brst vintage in the Philadelphia FedOseal time data set to
the second)and for revisions from the secondestimate to one published two years after
the initial estimate. The innovations in the revisions equations are all iid normal random
variables. In size experiments, the standard deviations of the innovations vyyt, vixit,
V1x2t, U2yt V2x1t, @and vaxo are, respectively, 0.9, 1.3, 1.3, 0.5, 0.2, and 0.2. In power
experimerts, the standard deviations of v1y ¢, vix1t, and vix2¢ are, respectively, 0.5, 0.2,
and 0.2. In the baselinesize experiments with predictable revisions, the v coe#cients are
Yy = 0.2, 7511 = -0.3, 7521 = -0.3,7y2 = -0.05, 741, = -0.2,and vy, , = -0.2. In the
baseline power experiments with predictable revisions, the v coe#cients are v, ; = -0.2,

’yxl’l = '0.3, and ’yXZ,l = -0.3.
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In all nonbnestedexperiments, we test for equal accuracy of two forecasts, from the

following models:

Ye+1 = a0t a1yt t aUn1 T azrit + UL+l (6)

Yie1 = bot+ biyt + boyiwa + bawor + upien . (7)

At ead forecastorigin t = R, ..., T, the parametersof the forecasting models are estimated
recursively by OLS. In the size experimerts, at ead forecast origin ¢, the obsenable time
seriesfor ead variable consistsof an initial or brst vintage estimate for period ¢, second
vintage estimates for periods ¢ — 1 through ¢ — 7, and Pnal values for periods ¢t — 8 and
earlier. In power experiments, the obsenable time seriesas of period ¢ consist of initial
vintage estimatesfor periods ¢ through ¢ — 3 and bnal valuesfor periods ¢t — 4 and earlier.
However, in experiments without data revisions, the data samplesconsist solely of the bnal
data. As forecastingmovesforward in time, the models are re-estimated with an expanding
sample of data.

In evaluating forecasts,we compute forecast errors using actual valuesof y taken to be
the initial estimate published in period ¢, y:(t) (except that we use the bnal value y; in
experiments without data revisions). In the size experimerts, using the secondestimate
published in period ¢ + 1 yields very similar results. We form two versionsof the MSE-t
test, onewith a standard error of just an estimate of Sqq and the other with an estimate of
Sdd + 2%(FBSgnh + FBShhBF"). In this draft, with the forecastslimited to the onePstep
horizon, all HAC estimates in these variances are computed imposing a bandwidth of 0.
Both statistics are comparedagainst critical valuesfrom the standard normal distribution.
Wereport the percentage of 10,000simulations in which the null of equalaccuracyis rejected
at the 5% signibcancelevel (using a criti cal value of +£1.96).

Finally, with quarterly data in mind, we considera range of samplesizes. For simplicity,
we report results for a single R setting, of 80; other practical settings of R yield similar
results. We report results for four dilerent P settings: 20, 40, 80, and 160 (corresponding
to 7 valuesof 0.2, 0.5, 1, and 2).

4.2 Mo nte Carlo design: nested case

In light of the possibility of a singularity in the variance " in the nested case,we begin
our nested model forecast analysis with a DGP simple enouwgh that it allows us to easily

determine whether, even in the presenceof predictable revisions," is zero. In this simple
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case,the processgenerating the bnal data is as follows:

Yt = Uyt (8)
Ty = 3+ Uy t
UY‘t 5 'U/X,t ”d N(O, l)

The variable x is never revised. The predictand y is subject to onerevision: y; = s+ y(¢)+ v,
published one period after the initial estimate. To make the revisions predictable, we usex
= 1. With this simple DGP, we brst run simulations designedto verify our basc theoretical
results, using a setup that we can analytically verify asfalling within our assumptions. In
these simulations, the null model of y is yt = w1y; the forecastis then simply O (which
reduces—.JB,J' + B, to just B,). The alternativ e forecasting model is y; = a + ba; + Ut
We then consideran alternativ e setup in which we can analytically verify that F' # 0, but
that " = 0. In these simulations, the null model of y is yx = a + u1y; the alternative is
Y= a+ bry + upy.

We also examine DGPs with a structure similar to that usedin the nonbnesed case.
These DGPs relate y to lags of y and z, with x following an AR process. This basic VAR
structure generatesthe bnal or true values of y and x. The null model usedto forecasty
includesjust lagsof y; the alternative model includeslagsof y and x. To establisha baseline,
we Prst considerthe properties of forecast tests basedertirely on the pnal data. Data are
generated using independent draws of innovations from the standard normal distribution
and the autoregressie structure of the DGP. More specibcally the completedata generating

processfor the bnal data takes the following form.

Yy = — M1 — ot Oaywst Baywmat BopTrr1 t uyt 9
z = 11 -.3 +
t % Tt# 1 Tt 2 T Uxt
+ 1
Var ™t = & 55 5l
Ux,t

In size experimernts, we useone DGP (NDGP 2) with g3 = -0.2, 8, = 0.1, and 3,, = O,
and another (NDGP 3) with 53 = 0, 5, = 0, and (35, = 0. We also consider versions of
these DGPs in which the residual in the y equation follows a GARCH process,parame-
terized to keepthe unconditional variance the same asin the conditionally homoskedastic

parameterization:
uyt = +/Styt, wmyt iid N(O,1) (10)
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St = A+ .68'[#1+ .3’[1;)2/":#1

In power experiments, we report results for just oneconditionally homoskedasticDGP, using
B3 = -0.2,8, = 0.1,and 3,, = 0.3 (as noted above, these parameterizations are drawn from
empirical estimateswith infRation and an output gap). The forecasting models vary across
these experimernts, as described below.

We focuson data subject to revision, supposingthe bPnalvaluesare releasedwith a delay.

We model and generatethe revisions aswe did for the nonbnestedcase.

v —u(t+ 1) = g u(t+ 1)+ vy (11)
o —ai(t+ 1) = yyqme(t+ 1)+ vixg

y(t+ 1) —wi(t) = yyou(t) + vayt

zi(t+ 1) —2e(t) = vy 22i(t) + vaxt

In implementation, we generatethe preliminary data with a simple iterativ e approad: from
the Pnal data and draws of the errors vy y + and vy xt, we usethe brst two equationsin (11)
to construct the secondestimates, published in period t + 1; from those secondestimates
and draws of the errors voy+ and vz 2+, we usethe last two equations (11) to construct the
initial estimates, published in period t. In the power experimerts, we allow for a single

revision, with the bnal estimate published with a four-period delay:

v —u(t) = yyay(t) + vy (12)

ot — 2t(t) Yy, 17t (1) + vixt

Our parameterizations of the revision processesare the sameasin the nonbnestd case,
drawn from empirical estimatesfor real-time U.S. data on the changein GDP inRation and
the HP output gap from 1965 through 2003. The innovations in the revisions equations
are all iid normal random variables. In size experiments, the standard deviations of the
innovations vy t, vixt, v2,yt, and vaxt are, respectively, 0.9, 1.3, 0.5, and 0.2. In power
experimerts, the standard deviations of v1y+ and vy x; are, respedively, 0.5and 0.2. In the
baselinesize experiments with predictable revisions, the ~ coe#cients are v, ; = -0.2, 7, 4
= -0.3, 7y 2 = -0.05,and v, , = -0.2. In the baselinepower experiments with predictable
revisions, the ~ coe#cients are vy 1 = -0.2and v, ; = -0.3.

In experiments for the DGP we referto asNDGP 2, we consider forecastsfrom models
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of the form

ag+ aiyr + @Y1+ a3y 2 + Aays3 T UL+l (13)

Yt+1

Y1 = bo+ bayr + byt + bayw2 + bayrws + bz + upter (14)
In experiments for NDGP 3, the forecasting models are

Y+l = aot aiyt + aym1 t uit+l (15)

Yier = bot biye + boyrs 1 + b3y 2 + bayrsz + bsxy + upger - (16)

At ead forecastorigin t = R, ..., T, the parametersof the forecasting models are estimated
recursively by OLS. In the size experiments with NDGP 1, at ead forecast origin ¢, the
obsenable time seriesfor y consistsof an initial or Pbrst vintage estimate for period ¢ and
Pnal estimatesfor all prior periods; all of the obsenable data for = are the Pnal data. In the
sizeexperiments with NDGP 2 and NDGP 3, at eat forecastorigin ¢, the obsenable time
seriesfor eadh variable consistsof an initial or Prst vintage estimate for period ¢, second
vintage estimates for periods ¢ — 1 through ¢t — 7, and Pnal values for periods ¢t — 8 and
earlier. In power experimerts, the obsenable time seriesas of period ¢ consist of initial
vintage estimatesfor periods ¢ through ¢ — 3 and Pnal valuesfor periods ¢t — 4 and earlier.
Howevwer, in experiments without data revisions, the data samplesconsistsolely of the bnal
data. As forecastingmovesforward in time, the modelsare re-estimated with an expanding
sample of data.

In evaluating forecasts, we compute forecast errors using actual values of y; taken to
be the initial estimate published in period ¢, y;(t) (exceptthat we usethe Pnal value y; in
experiments without data revisions). In the size experiments with NDGP 2 and NDGP 3,
using the secondestimate published in period ¢ + 1 yields very similar results. The null
hypothesisis that the variablesincluded in the larger model and not the smaller have no
predictive content. To test this null, from the forecasterrors we form the MSE-F' test and
various versions of the MSE-t test, and comparethem to various sourcesof critical values.
We reject the null if the test statistic exceedghe relevant right-tail critical value (i.e., in the
nested case,we conduct one-sidedtests). We report the percertage of 10,000simulations
in which the null of equal accuracyis rejected at the 5% signibcancelevel.

More specibcally under 7 > 0 asymptotics, we constr uct the test statistic MSE-F =
P(MSE; — MSE)/MSE> and compare it against asymptotic critical values from Mc-

Cracken (2006). We construct the convertional version of the MSE-t test, debnedas
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MSE-t = PY2(MSE, — MSEz)/Qjéz (note that 94q = $4q(0) for 7 = 1), and compare
it against critical valuesfrom McCracken (2006). We construct two other versionsof the
MSE-t test basedon alternativ e standard errors and compare them against standard nor-
mal critical values. Thesetwo versionsuse the following standard errors: the square root
of $ = 2@B(—JB.J' + By)&n(—JB.J' + B,)B' (note that the formula simplibesin the
NDGP 1 experiments becausemodel 1 has no estimated parameters) and the squareroot
of $ = Qg+ 2RB(—JB ' + B) G (—T BT + By B

Under 7 = 0 asymptotics, we comparethe MSE-F test multiplied by (R/P)Y? against
(w = 0) critical values from McCracken. We also compare the cornventional MSE-t test
computed with the squareroot of 934 and an MSE-¢ test using a standard error given by
the squareroot of & = B(—JBJ' + By) & (—JB1J' + B,) B! against standard normal
critical values.

In all caseswe estimate the piecesof the variance of the MSE dilerential as discussed
in the previous section, imposing the absenceof serial correlation implied by the onebstep
horizon, such that the long-run covariances9yq, $in, and 8y, are estimated with just $44(0),
811 (0), and $4n(0), respectively.

Finally, with quarterly data in mind, we considera range of sample sizes. In NDGP 1
experimens, to best ched our theory results, we use combinations of P and R that yield 7
valuesfrom quite small to quite large (smaller and larger than is typical in macro forecasting
studies): R = 100with P = 10, 40, 100,and 400. In NDGP 2 and NDGP 3 experiments, we
use R = 80with P = 20, 40, 80, and 160 (corresponding to = valuesof 0.2, 0.5, 1, and 2).
Again, our intention is to focus on sample sizesmost relevant for real time macroeconomic

forecastanalysis. Other practical settings of R yield similar results.

4.3 Monte Carlo results: non-nested case

Table 1 reports size results from simulations of various versionsof NNDGP 1, varying in
the extent to which the data are revised® As a bendimark, we begin with the casein
which the data are not revised at all (Prst panel). Consistert with other evidencein the
literature, in this case,a corventional t-test for equal MSE (MSE-t using Sqq) tends to be
slightly oversized,with sizeranging from 6 to 7 percert. With no revisions, the adjustment

term 2%(FBSgnh + FBShy BF") limits to zero, but in small samplestends to be small and

5The random numbers are generated such that the Pnal data in the no revisions experiment are the same
as the pnal data in the experiment in which all variables are subject to noisy revisions.
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positive, causingthe adjusted ¢-test to be modestly to slightly undersized,with sizebetween
3 and 4 percert.

Consider now the size of the tests in the caseof predictable revisionsin all variables
(secondpanel). In this case,the unadjusted MSE-¢ test might be expectedto be oversized,
more so for larger P/R than smaller P/R, becausethe variancein the test fails to accourt
for (understate) the variance impact of the predictable revisions. Howewer, in practice,
the unadjusted testOssize is 5 percert for most sample sizes and 7 percert for P = 160.
Incorporating the adjustment called for by the asymptotic results in section 3 causesthe
test to be signibcanly undersized,with sizeat 1 percert for most samplesand 2 percen for
P = 160. Somesupplemenal simulations with larger sample sizesindicate these outcomes
reRect small sample properties, not a problem with the asymptotics. In simulations with
R = 320and P = 60, 120, 240, and 480, the size of the adjusted test is 4 to 5 percert;
the size of the unadjusted test rangesfrom 7 to 11 percert. In simulations with R = 800
and P = 200, 400, 800, and 1600, the adjusted test is correctly sized, while the size of the
unadjusted test ranges from 9 to 20 percen.

Table 2 provides power results from simulations of NNDGP 1. In the bendhmark caseof
no data revisions (Prst panel), the unadjusted and adjusted MSE-t tests have very similar
power, ranging from 26 (unadjusted) vs. 29 (adjusted) percent for P = 20 to 99 percent
(both) for P = 160. Introducing noisy revisionsto both the y and = variables signibcarily
lowers power, but very similarly for the unadjusted and adjusted test statistics, suc that it
remainsthe casethat the powers of the two tests are quite similar. For example,with P =

80, the unadjusted and adjusted MSE-¢ tests have power of 50 and 53 percert, respectively.

4.4 Mo nte Carlo results: nested case

In the nested forecast model case,we begin by using the very simple NDGP 1 to assess
the practical relevance of our theoretical results. Table 3 provides results for two versions
of the DGP, the brst of which (left panel of numbers) usesa null model that relates y to
just an error, sothat the null forecast is 0. Consistent with our theoretical results, with
noisy revisions in NDGP 1, the standard MSE-t and MSE-F" statistics compared against
critical valuesfrom McCracken (2006) suler hugesizedistortions, with sizeapproadcing the
50% level predicted by the theory. Comparing a corverntional MSE-¢ test using Sqq asthe
variance estimate against standard normal critical valuesalso yields signibcar oversizing,

with sizeranging from 21 (P = 10) to 43 (P = 400) percert. However, comparingthe MSE-t
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test using 2%E'(—J By J'+ B) Shn(—J B1J'+ B,) F' asthe variance (assumingr > 0) against
standard normal critical values yields roughly correct inferences,with nominal size at 6
percert. Similarly, the MSE-t test that usesSyq+ 2%F (—.J B1J'+ B2)Shn (—JB1J'+ Bo) F' as
the variance estimate is about correctly sizedfor all but the smallestsamplesize. This result,
too, conbrmsthe asymptotic result that, with the predictable revisions, the corverntional
variance Sqq has a population value of 0. Finally, as might be expected, using the variance
implied by the 7 = 0 asymptotics (F BSm BE"' ) works reasonablywell with P = 10, yielding
sizeof 6 percert, but more signibcart undersizing as P rises(relative to R).

To illustrate what happens when a singularity in " causes our asymptotic results to
break down, the right panel of Table 3 reports results from an experiment in which the
null forecaging model relates y to a constart and an error (so that the null forecastis
the mean of y), rather than to just an error (so the null forecastis 0) asin the previous
results. As noted above, in this case,it can be showvn analytically that, although F* # 0
(with noisy revisions), a singularity makes" = 0. As a result, our proposedtest may not
be reliable, but there is no reasonto expect convertional tests basedon other asymptotics
to be reliable, either. In the simulations, the most accurate test seemsto be the MSE-F
test comparedagainst 7 > O critical values,with sizeranging from 3 to 6 percent (however,
using = = 0 asymptotics yields signibcant undersizing). The MSE-t test with cornventional
variance Sgq comparedagainst McCrackenO$2006) critical valuesis signibcarily oversized,
with size between 11 and 15 percert. The sametest compared against standard normal
critical valuesis somewhatundersized (with size of 1 to 3 percert), except for very small
P. Eventhough " = 2%F(—JByJ' + B2)Shn(—JB1J' + Bo)F' has a limiting value of 0,
in Pnite samplesthe MSE-¢ test using this variance estimate is a bit less oversizedthan
the corventional MSE-t test comparedagainst McCrackenOsritical values. The size of our
proposedtest rangesfrom 9 to 11 percert. Accordingly, in Pnite samples,our asymptotic
approximation for the MSE-¢ test doesnOseemto be materially worse than any other in
the event a singularity in the relevant variance rendersall existing asymptotics invalid.
Moving on to more empirically relevant DGPs, Table 4 provides sizeresults from NDG P
2 and NDGP 3. Again, as a benchmark, we consider experiments with no data revisions
(top panel). Consistert with results from our prior work, in this setting the MSE-F test and
MSE-t test basedon Sygq compared against = > 0 critical values from McCracken (2006)

range from correctly sized to slightly oversized. For example, with NDGP 3, the sizes
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of these two tests vary from 4 to 6 percent. Howewver, comparing the MSE-F' test against
« = O critical valuesyields signibcan undersizing. Moreover, consistert with our prior work
and results in other studies such as Clark and West (2007), the convertional MSE-¢ test
basedon Syg and standard normal critical valuesis also signibcarly undersized, with size
ranging from 0 to 3 percert. Our proposedMSE-t test using a variance of 2%F(—J By J' +
B2)Shh(—JB1J' + By)F' and standard normal critical values, which has no asymptotic
justibcation in the absenceof data revisions, rangesfrom signibcarily undersized (NDGP
3, P = 160)to oversized(NDGP 2, P = 20). Not surprisingly, given the precedingresults,
the MSE-t test using a variance of variance of Sqq+ 2%F(—JB1J'+ B2)Shn(—JB1J'+ By) F*
and standard normal critical valuesyields a consistently and signibcanly undersized test,
essetially never rejecting the null.

With noisy revisionsin NDGP 2 and NDGP 3 (secondpanel of Table 4), the standard
MSE-t and MSE-F statistics comparedagainst critical valuesfrom McCracken (2006) range
from being about correctly sized (MSE-t in NDGP 3, P = 20, 40, and 60) to signibcarly
oversizad (MSE-F in NDGP 2, all P). The corvertional MSE-¢ test with Syq asthe variance
estimate and standard normal critical valuesis consistently undersized, with size ranging
from 1 to 3 percent. The performance of our proposed MSE-t test using 2%F(—JByJ' +
B)Snn(—JB1J' + Bo)F' asthe variance (assuming = > 0) and standard normal critical
valuesis mixed, ranging from undersized (NDGP 3, P = 160) to oversized (NDGP 2, all
P). Using a variance estimate that sums Sgg With 2%F(—JB1J' + B2)Spn(—JB1J' + Bo) F'
again yields a poor result, essetially never rejecting the null. Admittedly , these results
suggestsome practical limitations to the asymptotic results in section 3. Our asymptotic
theory implies the standard MSE-t and MSE-F' statistics compared against critical values
from McCracken (2006) and MSE-t test with Syg comparedagainst standard normal critical
valuesshould be oversized,unlessa singularity makes" equalto 0. In contrast, the MSE-t
test with variance 2%F(—.JB1J' + B2)Shn(—JB1J' + Bo)F' should be correctly sized. In
broad terms, the results in the secondpanel are consistent with these implications, but
clearly the performance of the convertional tests is better and that of our proposedtest
worsethan the theory implies. One explanation could be that the asymptotic approxima-
tions are imperfect guidesin Pnite samples. Another could be that the F' matrix is not
non-zero, but it certainly is with predictable revisionsin NDGP 2 and NDGP 3. Another

explanation could be that, for these DGPs, " is nhonethelessO (large sample simulations
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seemto rule this out for NDGP 3, but suggestit could be the casefor NDGP 2).

Becauseconditional heteroskedasticity should reduce the potential for singularities in
" (with predictable revisions), the last panel of Table 5 reports results for DGPs with
GARCH in the innovations of the y equation. However, the introduction of GARCH pro-
duceslittle change in results relative to the baseline with conditional homoskedasticity in
all innovations. In all casessizes are very similar acrosspanels2 and 3, with rejection rates
in the GARCH panel at most a percentage point dilere nt from thosein the conditional
homosledasticity (second)panel.

Table 5 provides power results from NDGP 3. Resultsfor the benchmark caseof no data
revisions (top panel) are in line with previous results in the literature. The MSE-F test
comparedagainst asymptotic critical values (for = > 0) from McCracken (2006) is generally
more powerful than the MSE-t test using Sqq and McCrackenOgritical values which is
in turn considerably more power than the same MSE-t test compared against standard
normal critical values. Despite having no asymptotic justibcation in the absenceof data
revisions, our proposedMSE-t test with variance 2%F(—.JB1J' + B2)Spn(—JB1J' + B,)F*
and standard normal critical valuesis at least as powerful asthe other MSE-t variants, and
comparable in power to the MSE-F' test. For example, with P = 40, the powers of the
MSE-F', corventional MSE-t against McCracken critical values, and adjusted MSE-t test
against standard normal critical valuesare, respectively, 71, 51, and 65 percert. As would
be expectedin light of the relatively poor power of MSE-t with Sgq and standard normal
critical values,the variant using a variance of Sqq+ 2%F(—JB1J'+ B2)Spn(—JB1J' + Bo) F'
has especially poor power, at 20 percert in the sameexample.

With predictable revisions (secondpanel of Table 5), the powers of all tests are signib-
cantly lowerthan in the benchmark caseof no revisions. It remainsthe casethat the MSE-F
test compared against McCrackenO$2006) critical values (for which power rangesfrom 20
to 70 percert) is more powerful than a MSE-t test using Sgq and McCrackenOsritical values
(for which power rangesfrom 12to 63 percert). Howewer, the relative power of the adjusted
MSE-t test with variance 2%F(—.JB1J' + By)Spn(—JB1J' + B,)F' and standard normal
critical values is better than in the no-revision baseline. For the P = 20 and 40 sanples,
this test is signibcarly more powerful than MSE-F (with 7 > 0), rejecting the null 15-17
percert more frequertly than the MSE-F test does. As P rises, though, the advantage of

the adjusted MSE-t dissipates,and even reversesfor P = 160. Finally, data revisions make

28



the power of the corventional MSE-¢ test with variance Syq compared against standard

normal critical valuesabysmal, ranging from just 9 to 21 percen.

4.5 Monte Carlo summary

Overall, the Monte Carlo analysis conbrmsthat, in practical applications, corventional
testing approades that ignore the impact of predictable revisions can lead to incorrect
inferences. Our proposedtesting approac that takes revisions into accourt can lead to
more reliable inferences,although not certainly so. In the nonbnestd case,an unadjusted
t-test for equal MSE modestly over-rejects the null. Our proposed adjusted test tends
to under-reject the null. Therefore, in practical applications with nonbnestedforecasts,
it is probably useful to considerboth tests. In the nested case,the cornvertional MSE-F
and MSE-t tests comparedagainst critical valuesfrom McCracken (2006) rangefrom nearly
correctly sizedto modestly to signibcartly oversized. The cornvertional MSE-t test compared
against standard normal critical valuesis sewerely undersized and hasvery low power. The
performance of our proposed adjusted MSE-t test seemsto be mixed, as the test ranges
from modestly undersizedto modestly oversized. Overall, for practical applications with
nestedforecasts,it is probably a good ideato considerour proposedtest in conjunction with
the cornvertional MSE-F' and MSE-t tests comparedagainst critical valuesfrom McCracken
(20086).

5 Appl ication to In3ati on Forecasting

In this section we use the tests and inference approaches described above to determine
whether, in real time data, various measuresof economicactivity have predictiv e cortent
for inBation. The inRation measure we forecast is the changein the ination rate of the
GDP price index. We consideronebquarterand onebyar ahead forecastsof inRation from
an AR model, a model including lags of the changein in3ation and GDP growth, and a
model including lags of the changein infRation and the output gap (HP detrended output).
To illustrate nonbnestedtesting, we compare forecasts from the model with GDP growth
to the model with the output gap. To illustrate nestedtesting, we compare forecastsfrom
the model with GDP growth to the AR model. Real-time evidencein Orphanidesand van
Norden (2005) suggests that GDP growth may be superior to the output gap for forecasting

inRation, aswell asto the AR model.
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5.1 Data

Data onreal output and the price index aretakenfrom the FederalResene Bank of Philadel-
phiaORealDTimeData Set for Macroeconomists(RTDSM). For simplicity, we simply use
the notation OGDPOand OGDP price indexOto refer to the output and price series,even
though the measuresare basedon GNP and a bxedweight def3ator for much of the sample.
The full forecast evaluation period runs from 1970:Q1through 2003:Q4. As described in
Croushore and Stark (2001), the vintages of the RTDSM are dated to rel3ect the infor-
mation available around the middle of ead quarter. Normally, in a given vintage ¢, the
available NIPA data run through period t—1.° For ead forecastorigin ¢ in 1970:Q1through
2003:Q4,we usethe real time data vintage ¢ to estimate output gaps, (recursively) estimate
the forecast models, and then construct forecastsfor periods ¢t and beyond. The starting
point of the model estimation sampleis always 1961:1+r — 1, where = denotesthe forecast
horizon.

In ewvaluating real time forecast accuracy we consider a range of possible debnitions
(vintages) of actual in3ation. One estimate is the brst one available in the RTDSM, one
guarter after the end of the forecast observation date (i.e., inRation for period ¢ publishedin
period t+ 1). Another is the secondestimate or vintage available in the RT DSM, published
with atwobquarterdelay. Studiessud asRomerand Romer (2000) usethe secondavailable
estimates of the GDP/GNP del3ator as actuals in evaluating forecast accuracy. We also

considerestimates of inf3ation published with delays of bve and 13 periods.

5.2 Mo dels

Following Stock and Watson (1999, 2003), among many others, we treat inf3ation as being
closeenoughto I(1) to warrant imposinga unit root and compareforecastsof the changein
inBation from Phillips curve specibcationsincluding dilerent measuresof economicactivit y
(GDP growth or the output gap) to forecastsfrom a simple autoregressive model. We report
forecastresults for the two horizons that seem to be most widely usedin previous studies
and most interesting to policymakers: one quarter and one year.

Letting 7 denotethe forecasthorizon (in quarters), we usereducedbformPhillips curves

L#1
!
) = ap+ &y + Bay + upc+r, (17)
1=0

6In the caseof the 1996:Q1 vintage, with which the BEA published a benchmark revision, the data run
through 1995:Q3instead of 1995:Q4.
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where inf3ation is 7r§

D= (400/7) In(pt /pr# 1 ), ﬂgl) = 7, and z; iS @ measureof economic
activity. The same basic model specibcation has beenusedin studies such as Stock and
Watson (1999, 2003) and Clark and McCracken (2006). In one version of this model, the
x¢ variable is debPnedasthe fourbquarter GDP growth rate, 100In(GDP{/GDPi#4). In the
other, z; is debPnedas (100 times) HP-detrended log GDP. In both models, the lag order L
is 4.

In addition to comparing forecastsfrom oneversionof (17) with GDP growth to another
with the output gap, we compare forecastsfrom the model with GDP growth to forecasts
from an AR model for the changein in3ation. Following the aforemeriioned studies, this

AR model takesthe form

N # 1
|
T —m = ag+ Q& Ty + UAR t+1 - (18)
1=0

We usean AR model lag order of M = 2.

In computing the various versionsof the MSE-t test, we usethe Newey and West (1987)
estimator of the long-run variancesSqq, Sgn, and Shy, with a bandwidth of 2(7—1) (following
Cochrane (1991)).

5.3 Results

As a brst step, in Table 6 we documen the predictabilit y of revisionsto (quarterly) GDP
growth, the HP output gap, and changesin GDP inf3ation. Following Croushoreand Stark
(2003), we report correlations of various revisions to the variable of interest with various
vintages of estimates. For example, the brst elemen of ead block provides the correlation
of (1) the secondavailable estimate of the variable in question lessthe prst estimate of the
variable (the Prst revision) with (2) the brst available estimate of the variable. A negative
correlation of a revision with an estimate available at the time of the baseline estimate
in the revision meansthe revision is predictable. The reported correlations are basedon a
sampleperiod of 1965:Q4through 2003:Q4. Our correlations for GDP growth, shown in the
top block, are quite similar to thosein Croushoreand Stark (2003), suggestingsomenoise
componert in real time GDP growth estimates. Our estimatesfor the HP output gap, given
in the middle block, point to somewhatstronger predictabilit y of revisionsto the HP output
gap. For example, the correlation of the brst revision of the gap with the prst estimate of
the gap is -.87; the correlation of the revision from the secondestimate to the estimate

available two yearslater with the secondestimate of the output gap is -.30. Estimates for
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the changein GDP inf3ation in the last block also point to somepredictability of revisions.
The correlation of the brst revision of the inf3ation change with the brst estimate of the
change are -.15; the correlation of the revision from the secondestimate to the estimate
available two yearslater with the secondestimate of (the changein) inRation is -.45.
Table 7 presens results for the (honbBnested)comparison of forecastsfrom the mod-
els with GDP growth (model 1) and the output gap (model 2). For most samplesand
debnitions of actuals, although not all, the model with GDP growth vyields slightly more
accurate forecasts. The advantage of the model with GDP growth is considerably greater
in year-aheadforecaststhan one quarter-ahead forecasts. Howewer, there is little evidence
of statistical signibcancein the forecast accuracy dile rences. If the convertional variance
Sqq is used in forming the ¢-test, the null of equal accuracy is rejected only once at the
onebstephorizon (for the 1985-2003sample using the inf3ation estimates published with a
13 period delay as actuals), but for all 1970-2003and 1985-2003samplesat the onebyar
ahead horizon. Consistert with our theory and Monte Carlo evidence,in most cases,tak-
ing accourt of the potential for predictability in the data revisions raisesthe estimated
standard error. At the onebstephorizon, though, the impact is pretty small in most cases,
particularly in results for the 1970-2003and 1970-84samples. At the onebstephorizon, the
adjustment has a bigger impact in the 1985-2003results. Most notably, for the 1985-2003
sample using the inRBation estimates published with a 13 period delay as actuals, the null
of equal accuracy is not rejected basedon the adjusted variance estimate, but it is when
basedon the unadjusted variance. The adjustment has a considerably bigger impact in the
onebyar aheadforecasts. The rejections of equal accuracy for all 1970-2003and 1985-2003
samplesbasedon the ¢-test using Sqg go away when the test usesthe adjusted variance".
Table 8 provides results for the (nested) comparison of forecastsfrom the AR(2) model
(model 1) and the model with four lagsofinf3ation and GDP growth (model 2). For nearly all
samplesand debnitions of actuals, the forecastsfrom the model with GDP growth are more
accuratethan the AR(2) forecasts,slightly soat the onebsteghorizon and more substartially
at the onebar horizon. When we abstract from the potential impact of predictable data
revisionson test behavior, and comparethe MSE-F' test and MSE-t test using Sqq to (7 > 0)
asymptotic critical valuessimulated as described in Clark and McCracken (2005), for most
debnitions of actual inf3ation we reject the null AR model with the full 19702003 sample

of forecastsand the 1985-2003sample/ At the one-year horizon, the null is also always

"Becauseof the serial correlation and possible heteroskedasticity in the forecast errors, we usethe Monte
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rejected for the 1970-84 sample. If the same MSE-t test is compared against standard
normal critical values (1.282 for a one-sided10% test), for onebstepahead forecaststhe
null is consistertly rejected for the 1985-2003sample but never rejected for the 1970-2003
period. For onebyar ahead forecasts, the null AR model is nearly always rejected for
the 1970-2003and 1970-84samples,but never for the 19852003 period. Howewer, in the
presenceof data revisions, the tests basedon McCrackenOsisymptotics are prone to over-
rejecting the null; the convertional MSE-t comparedagainst the standard normal generally
under-rejects. Taking accourt of data revisions by using a varianceof " = 2%F'(—.JByJ' +
B2)Shn (—JB1J' + Bo)F' in the MSE-t test increasesthe (absolute) value of the tDstatistic
in all but one case However, at the oneBstephorizon, in only two casesN forecastsfor
1970-2003and 1970-84evaluated with Prst available estimatesof inRation N is the adjusted
tDstatistic signibcant when the unadjusted ¢Pstatistic (compared against standard normal
critical values)is not. At the onebar horizon, using the adjusted standard error has a big
impact on inference for the 1985-2003sample, with the adjusted t¢-test rejecting the null
and the unadjusted test not rejecting for three of the four debnitions of actual in3ation.
Overall, at the onebgar ahead horizon, the adjusted MSE-¢ test conbrmsthe strong
evidencein favor of the model with GDP growth for all samples. At the one-stephorizon,
adjusted MSE-t test conbrmsthe strong evidencein favor of the model with GDP growth
for the 1985-2003sample. However, the adjusted test indicates the evidencein favor of the
model for the 1970-2003sampleto be much weaker than do the tests basedon McCradkenOs
(2006) asymptotics. For the 1970-2003ample,the adjusted ¢-test regects the null only once,
with the Prst available debnition of actuals; the tests comparedagainst critical valuesfrom

McCrackenOsasymptotics reject the null for all four depbnitions of actuals.

6 Conclusion

In this paper we derive the limiting distributions for tests of equal predictiv e ability when
forecasting with real time vintage data. Specibcally, we addressthe impact of revisions
exhibiting news and noise on the asymptotic distributions of the ¢Pstatistic for equal MSE
between non-nested models developed by Diebold and Mariano (1995) and West (1996)
and the FP and tPtype tests of equal MSE between nested models developed in Clark
and McCracken (2005) and McCracken (2006). We show that when revised data is used

Carlo method outlined in Clark and McCracken (2005) to compute critical values based on the Clark and
McCracken (2005) and McCracken (2006) asymptotics for the MSE-F and MSE-t tests.
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to construct and evaluate forecaststhesetests typically do not have the sameasymptotic
distributions aswhen the data is never revised. With thesenew distrib utions in hand, we
show how to conduct asymptotically valid inference. In the caseswe consider,the tests are
asymptotically standard normal and henceinference can be conducted using the relevant
tables.

Using our asymptotics, we then conduct a range of Monte Carlo simulations to examine
the PniteBsampleproperties of the tests. Overall, theseresults broadly conPm our asymp-
totic approximations. In terms of size, ignoring the data revisions can produce oversized
tests. Taking revisions into accourt by using our proposedtests can yield more reliable
inferences. Data vintage also has an impact on the power of the tests. Typically, power
is lower in data subject to revision than in data that are unrevised. The revisionsdrive a
wedgebetweenthe properties of the dependernt variable debningthe predictive model and
that usedfor evaluation. Depending on the exact relati onships acrossvintages, predictiv e
content for one vintage neednot imply the samefor another.

In the Pnal part of our analysis, we illustrate the usageof our tests with an application

to competing forecastsof U.S. inRation.
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Table 1. Non-Nested Model Size Results, NNDGP 1
(R = 80, nominal size = 5%)

test variance P=20 40 80 160
no revisions
MSE-t Sdd .07 .06 .06 .06

adj. MSE-t | Sqq + 2II(FBSgn + FBShh BF') .03 03 .04 .04
predictable revisions
MSE-t Sdd .05 .05 .06 .07
adj. MSE-t | Sqq + 2II(FBSgn + FBShh BF’) .01 .01 .01 .02

Notes:

1. The DGPs are debnedin equations (3) and (4). The forecasting models are given in equations (6) and
™).

2. R debnesthe size of the sample usedto generatethe brst forecast. P debnesthe number of obsenations
in the forecast sample. The number of Monte Carlo replications is 10,000.

3. The secondcolumn givesthe variance estimator usedin the test statistic. All test statistics are compared
against standard normal critical values of + 1.96.
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Table 2. Non-Nested Model Power Results, NNDGP 1
(R = 80, nominal size = 5%)

test variance P=20 40 80 160
no revisions
MSE-t Sdd .29 b2 .82 .99

adj. MSE-t | Sqq + 2II(FBSgn + FBShh BF') .26 .51 .83 .99
predictable revisions
MSE-t Sdd A7 28 .50 .80
adj. MSE-t | Sqq + 2II(FBSgn + FBShh BF’) .16 28 53 84

Notes:

1. The DGPs are debnedin equations (3) and (5). The forecasting models are given in equations (6) and
@).

2. Seethe notesto Table 1.
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Table 3. Nested Model Size Results, NDGP 1

(R = 100, nominal size = 5%)

null forecast = 0 null forecast = mean
test variance cv.| P=10 40 100 400 | P =10 40 100 400
T > 0:
MSE-F M 08 .24 37 47 03 .03 .04 .06
MSE-t Sqd M 27 40 45 49 12 11 .12 .15
adj. MSE-t 2I1F BShn BF' N 06 .06 .06 .06 09 10 11 .11
adj. MSE-t | Sqq + 2IIFBSyBE' | N 02 .04 .05 .05 00 .00 .00 .00
T=0:
MSE-F M 00 .03 .18 .37 00 .00 .00 .01
MSE-t Sad N 21 33 .38 .43 06 .03 .02 .01
adj. MSE-t FBSyBF' 06 .04 .03 .00 08 .09 .08 .06

Notes:

1. The DGP is debnedin equation (8). In the left panel of results, the null forecasting model isy, = u1
(so the null forecastis 0). In the right panel, the null forecasting model isy, = a+ ui.. In both cases,the
alternativ e forecasting model is y; = a+ bx; + uz .

2. R debPnesthe size of the sample usedto generate the brst forecast. P debnesthe number of obsenations
in the forecast sample. The number of Monte Carlo replications is 10,000.

3. The secondcolumn givesthe variance estimator usedin the MSE-t statistics. The matrix B is shorthand
for ! JB1J’+ B,. The third column indicat eswhat critical value is used An OM@eansthe critical value is
taken from McCracken (2006); an ON@eansthe critical value is taken from the standard normal distribution

(1.645). All tests are one-sided, with the null rejected if the statistic exceedsthe right-tail critical value.
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Table 4. Nested Model Size Results, NDGPs 2 and 3
(R = 100, nominal size = 5%)

test variance cwv. | P=20 40 80 160 | P =20 40 80 160
> 0: NDGP 2, no revisions | NDGP 3, no revisions
MSE-F M .07 06 .05 .05 .06 05 .05 .04
MSE-t Sad M .08 06 .06 .05 .06 05 .05 .04
adj. MSE-t 2I1F BShn BF' N .09 08 .07 .05 .05 04 .03 .01
adj. MSE-t | Sqq + 2IIFBSyBE' | N .00 .00 .00 .00 .00 .00 .00 .00
T =0:

MSE-F M .01 01 .01 .02 .00 00 .00 .00
MSE-t Sag N .03 02 .01 .00 .02 01 .00 .00
adj. MSE-t FBSph BF' N .08 07 .05 .04 .04 03 .02 .01
m > 0: NDGP 2, noise NDGP 3, noise
MSE-F M 12 11 .11 .13 .08 07 .07 .08
MSE-t Saq M .07 07 .08 .10 .05 04 .06 .08
adj. MSE-t 2I1F BShn BF' N .09 09 .09 .08 .05 04 .03 .02
adj. MSE-t | Sqq + 2IIFBSywBF' | N .00 00 .00 .00 .00 00 .00 .00
T =0:

MSE-F M .02 03 .04 .05 .01 01 .01 .02
MSE-t Saq N .03 02 .01 .01 .02 01 .01 .01
adj. MSE-t FBSynBF' N .09 08 .07 .05 .04 03 .02 .01
7> 0: NDGP 2, GARCH NDGP 3, GARCH
MSE-F M 13 12 .12 .14 .09 07 .07 .08
MSE-t Saq M .08 07 .09 .11 .05 04 .06 .07
adj. MSE-t 2I1F BShy BF' N .10 10 .09 .09 .05 04 .03 .02
adj. MSE-t | Sqq + 2LIFBSywBF' | N 01 00 .01 .00 .00 .00 .00 .00
T=0:

MSE-F M .02 03 .05 .06 .01 01 .01 .02
MSE-t Saq N .03 02 .02 .01 .02 01 .01 .01
adj. MSE-t FBSph BF' N .09 09 .08 .06 .04 03 .02 .01
Notes:

1. The DGPs are debnedin equations (9) and (11). The NDGP 2 forecasting models are given in equations
(13) and (14). The NGDP 3 forecasting models are given in equations (15) and (16). In the last panel, the
residuals of the y equation are generatedto follow the GARCH(1,1) processgiven in equation (10).

2. R debnesthe size of the sample usedto generatethe brst forecast. P debnesthe number of obsenations
in the forecast sample. The number of Monte Carlo replications is 10,000.
3. The secondcolumn givesthe variance estimator usedin the MSE-t statistics. The matrix B is shorthand
for ! JB1J'+ B,. The third column indicat eswhat critical value is used An OM@neans the critical value is
taken from McCracken (2006); an ON@eansthe critical value is taken from the standard normal distribution
(1.645). All tests are one-sided, with the null rejected if the statistic exceedsthe right-tail critical value.
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Table 5. Nested Model Power Results, NDGP 3
(R = 100, nominal size = 5%)

test variance cv. | P=20 40 80 160
> 0: NDGP 3, no revisions
MSE-F M 56 71 .89 .99
MSE-t Sad M 34 51 .81 .98
adj. MSE-t 2I1F BShn BF' N 53 65 .82 .95
adj. MSE-t | Sqq + 2IIFBSyBE' | N 13 20 .37 .68
T =0:

MSE-F M 20 43 .73 .96
MSE-t Sad N 17 24 41 .71
adj. MSE-t FBSp BF' N 52 63 77T .92
> 0: NDGP 3, noise
MSE-F M 20 27 48 .70
MSE-t Saq M 12 22 .40 .63
adj. MSE-t 2I1F BSh, BF' N 37 42 .49 .60
adj. MSE-t | Sqq + 2IIFBSwBE' | N .07 08 11 .19
T =0:

MSE-F M 40 A7 62 .78
MSE-t Sad N .09 10 .13 .21
adj. MSE-t FBSph BF' N .36 39 43 50

Notes:

1. The DGP is debnedin equations (9) and (12). The forecasting models are given in equations (15) and

(16).
2. Seethe notes to Table 4.
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Table 6. Correlations of Revisions with Real Time Data

(1965:Q4D2003:Q4data )
actual estimate from period:
revision: t+1 ‘ t+2 ‘ t+9 ‘ final
GDP growth
t+ 2 est. —t+ 1 est. .20 41 43 .35
t+9est. —t+1est. | -.11 .02 .34 .23
final est. — ¢t +1est. | -.25 | -.18 | -.01 .39
t+9est. —t+2est. | -.25 | -.23 .14 .06
final est. — ¢t +2est. | -.33 | -.33 | -.16 27
HP output gap
t+2est. —t+1est. | -.87 | -.78 | -.31 -.26
t+9est. —t+1est. | -.53 | -.47 .38 .40
final est. — ¢+ 1 est. | -.57 | -.bl .29 41
t+9est. —t+2est. | -.36 | -.30 .55 .55
final est. — ¢t + 2 est. | -.41 | -.37 43 .56
Change in GDP inflation
t+2est.—t+1est. | -.15 21 .13 .06
t+9est. —t+1est. | -.45 -.31 .26 -.04
final est. — ¢t +1est. | -.64 | -.54 | -.30 .24
t+9est. —t+2est. | -.40 | -.45 21 -.08
final est. — ¢t + 2 est. | -.58 | -.64 | -.37 21

Notes:

1. For eac variable, the table reports correlations between revisions and estimates of GDP growth, the
HP output gap, and the change in inf3ation. The revisions are constructed as a later estimate minus an
earlier estimate, specibedin the brst column of the table. The estimates of actual growth, etc., are taken
from various vintages, given in the column headers. OFinalOrefers to the 2007:Q1 vintage of data from the
RTDSM.
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Table 7. Results for Non-Nested Model Inflation Forecasts

sample | MSE; | MSE, | MSE; - MSE; | /Sua/P | VQ/P | #(Swa) | () |
1-step horizon

actual inflation; = estimate published in ¢ + 1

1970-2003 | 2.164 | 2.181 -.017 A7l 179 -.100 | -.096

1970-1984 | 3.791 | 3.758 .033 379 .366 .086 .089

1985-2003 | .880 937 -.056 .059 .078 -964 | -.726
actual inflation; = estimate published in ¢ + 2

1970-2003 | 2.311 | 2.372 -.061 165 174 -.372 -.353

1970-1984 | 4.033 | 4.073 -.040 .365 .358 -111 -.113

1985-2003 | .951 | 1.029 -.078 .061 078 | -1.285 | -1.004
actual inflation; = estimate published in ¢t + 5

1970-2003 | 2.481 | 2.447 .034 191 .190 179 179

1970-1984 | 4.489 | 4.314 174 427 387 .408 .450

1985-2003 | .896 972 -.076 .051 075 | -1.498 | -1.018
actual inflation; = estimate published in ¢ + 13

1970-2003 | 2.252 | 2.438 -.186 185 212 | -1.005 | -.877

1970-1984 | 4.196 | 4.512 -.315 416 .449 -.759 -.702

1985-2003 | .717 .801 -.084 .044 073 | -1.918* | -1.157

4-step horizon
actual inflation; = estimate published in ¢ + 1

1970-2003 | 1.563 | 1.933 -.371 216 255 | -1.714* | -1.455

1970-1984 | 2.925 | 3.591 -.665 471 b8 | -1.413 | -1.138

1985-2003 | .541 .691 -.150 .079 106 | -1.896* | -1.407
actual inflation; = estimate published in ¢ + 2

1970-2003 | 1.984 | 2.361 -.378 222 266 | -1.703* | -1.420

1970-1984 | 3.908 | 4.580 -.673 484 631 | -1.389 | -1.066

1985-2003 | .541 .697 -.156 .080 109 | -1.956% | -1.432
actual inflation; = estimate published in t 4+ 5

1970-2003 | 1.960 | 2.424 -.464 257 314 | -1.804* | -1.478

1970-1984 | 3.866 | 4.733 -.868 .556 715 | -1.560 | -1.214

1985-2003 | .532 .692 -.161 .076 12| -2.122% | -1.432
actual inflation; = estimate published in ¢ + 13

1970-2003 | 1.994 | 2.528 -.533 .300 356 | -1.778* | -1.496

1970-1984 | 3.913 | 5.005 -1.092 .642 815 | -1.701* | -1.339

1985-2003 | .555 670 -.114 .054 107 | -2.102* | -1.071

Notes:

1. The table compares the accuracy of real-tim e forecasts of the change in GDP inRation, from equation
(17). Model 1 usesx; = four-quarter GDP growth; Model 2 usesx; = the output gap, computed with the
HP blter. The models are estimated recursively, with the sample beginning in 1961:1+! -1.

2. The MSEs are debnedas annualized percertage points. MSE; refersto the mean squareerror of forecasts
from the model with GDP growth; MSE; refers to the mean square error of forecasts from the model with
the output gap. The MSEs are basedon forecasts computed with various debnitions of actual inf3ation used
in computing forecast errors. The brst panel takes actual to be the brst available estimate of inRation; the
next the secondavailable estimate; and so on.

3. The variance ! is dePnedas Syq + 2"( FBSyn, + FBS,,BF’). The columns t(S.q) and t(!) report
t-statistics for the di#erence in MSEs computed with the variances S;4 and !, respectively. An * denotesa
rejection of the null of equal accuracy at a signibcancelevel of 10% or better.
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Table 8. Results for Nested Model Inflation Forecasts

sample | MSE; | MSE, | MSE; - MSE; | /Sud/P [ VQ/P | t(Sqa) | #(Q2) [ MSE-F |
1-step horizon

actual inflation; = estimate published in ¢ + 1

1970-2003 | 2.368 | 2.164 203 176 .099 | 1.159* | 2.055* | 12.786*

1970-1984 | 4.096 | 3.791 .305 .390 218 782* | 1.399% | 4.829*

1985-2003 | 1.003 .880 123 .061 .059 | 2.026* | 2.079* | 10.644*
actual inflation; = estimate published in ¢ + 2

1970-2003 | 2.359 | 2.311 .048 .164 .086 .294* .b58 2.841%

1970-1984 | 3.986 | 4.033 -.047 .365 264 | -.128 | -.176 -.692

1985-2003 | 1.074 951 123 .056 .068 | 2.191* | 1.804* | 9.834*
actual inflation; = estimate published in ¢ + 5

1970-2003 | 2.565 | 2.481 .085 182 .102 .466* .829 4.646*

1970-1984 | 4.504 | 4.489 .016 .406 278 .039 .057 211

1985-2003 | 1.035 .896 139 .053 .045 | 2.622* | 3.101* | 11.813*
actual inflation; = estimate published in ¢ 4 13

1970-2003 | 2.297 | 2.252 .045 162 .090 278" .499 2.713*

1970-1984 | 4.221 | 4.196 .025 .362 .251 .068 .098 .351

1985-2003 | .778 117 .061 .042 013 | 1.467* | 4.538* | 6.470*

4-step horizon
actual inflation; = estimate published in ¢ + 1

1970-2003 | 2.170 | 1.563 .607 413 151 | 1.469* | 4.019* | 52.833*

1970-1984 | 4.262 | 2.925 1.337 .884 488 | 1.511* | 2.739* | 27.413*

1985-2003 | .601 .b41 .060 122 .024 .492* | 2.549* | 8.435*
actual inflation; = estimate published in ¢ + 2

1970-2003 | 2.648 | 1.984 .664 493 169 | 1.347F | 3.927* | 45.501*

1970-1984 | 5.378 | 3.908 1.471 1.071 549 | 1.373* | 2.678* | 22.579*

1985-2003 | .599 541 .059 122 .028 481" | 2.064* 8.236
actual inflation; = estimate published in t + 5

1970-2003 | 2.600 | 1.960 .640 AT7 157 | 1.341% | 4.075% | 44.368*

1970-1984 | 5.277 | 3.866 1.412 1.034 488 | 1.365" | 2.891* | 21.909*

1985-2003 | .592 .b32 .061 133 .015 .455% | 4.152% | 8.664*
actual inflation; = estimate published in ¢ + 13

1970-2003 | 2.531 | 1.994 .536 468 134 | 1.145* | 4.018* | 36.580*

1970-1984 | 5.224 | 3.913 1.311 1.012 A77 | 1.296*% | 2.751* | 20.109*

1985-2003 | .510 .b55 -.045 A17 .046 -382 | -.975 | -6.137

Notes:

1. The table compares the accuracy of real-tim e forecasts of the change in GDP inRation, from equations
(17) ( MSE;) and (18) (MSE), with x, measuredas four-quarter GDP growth. The models are estimated
recursively, with the sample beginning in 1961:1+! -1.

2. The MSEs are basedon forecasts computed with various debPnitions of actual infRation usedin computing
forecast errors. The brst panel takesactual to be the brst available estimate of inf3ation; the next the second
available estimate; and so on.

3. The variance ! is debnedas 2" F(! JB1J’ + B2)Sun(! JB1J’ + B2)F’. The columns t(S4q) and t(!)
report t-statistics for the di#erence in MSEs computed with the variances Syq and !, respectively. An
denotes a rejection of the null of equal accuracy at a signibcancelevel of 10% or better, for the following:
t(Saa) vs. critical values simulated as in Clark and McCracken (2005); t(!) vs. standard normal critical
values; and MSE-F vs. critical values simulated asin Clark and McCracken (2005).

*
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